Practice Problems

1.

@) d=2.5

The first three terms of an arithmetic sequence are 7, 9.5, 12.

(a)
(b)

Gn =
9 =
a, > 250N + 4T

! Ay, ’/’0

What is the 41% term of the sequence?

What is the sum of the first 101 terms of the sequence?
(b q,=7 4,
qlo[ = ) S 7

i 7.5’5’")

Y
Rl S/u’

[ = 2]

- 2.{[/.)) &".r

(Total 4 marks)

2. In the arithmetic series with n'" term uy, it is given that uy = 7 and ug = 22.
Find the minimum value of n so that u; + u + u3 + ... + u, > 10 000.
72 5-u(aX200m)
y 22-7 S, = ?‘/4‘.;—94) @ = ~2+3/(-1) n?s p
.
- - = 32,-5
5 an = A #+d (r-1) 2 nz €28 —8011
i~ — —_
P ”»
“ (3.-7)
9% =-2 E — 7 = 20,0800
(Total 5 marks)
3. Consider the infinite geometric sequence 3000, — 1800, 1080, — 648, ... .
(a)  Find the common ratio.
)
(b)  Find the 10" term.
(2)
(c¢)  Find the exact sum of the infinite sequence.
. -) @ )
-] do0 (l) o 3”0'/.’)» (“ = e
- - b -
(a) (= 3> a” /
3\4 2400
i = 3e00 * [‘ 5 ) o Laa8
= - 'Sé en =06 q/. {' /_./.‘ 3)
, —_— 7.
/ o J = ’—;——.
T

(5: (575 _/

(Total 6 marks)
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The sum of an infinite geometric sequence is 13, and the sum of the first three terms is 13.

4.
Find the first term. g . -
.. 4 ( ?) /32 - /’/z
7y o /=r
/3% 1322 ———— NS
g . [0 = /et
SoLVE fr 5o, 2 26 q,
J—c - :; /’T ol
-3
d/ . ,/_3_ 3= A
yr Rk s R R P 77 A
r= 2

(Total 3 marks)

8
5 Find the coefficient of x* in the binomial expansion of (1 - Ex]

[;?)ﬂ)zv:z‘x)g — = $3./. f%x‘?

3
(5-9,'[;)'—‘&,"“’“ g
J. '3 ', (& EFFICIE~ T (Total 4 marks)

9

1
6. Find the constant term in the binomial expansion of (2,\:2 ——J
X

(3X5D)4) = 8154 &

:Z 672 )
(Total 6 marks)

7. Find the sum of all three-digit natural numbers that are not exactly divisible by 3 >
v oy Ptv. BY
A (/e -5%%) D% 813 (o) -51a) 7
- = S o P —
Y9y550 -/¢35 ) 1o

200
S 71‘19 (fo0+ 931) St = = (024129
5. 7 165,153

- $So
.S"' - ’17 yj (Total 5 marks)

How many four-digit numbers are there which contain at least one digit 3?

8.

ALY OlT Hs  T.le-lo-fo = G oo ‘
?'__.7'__?-_3 =, 5,632 (4Tégs = ©

N 3°S S
( 3’ [‘J ] (Total 3 marks)
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9. A local bridge club has 17 members, 10 females and 7 males. They have to elect 3 officers: president,
deputy, and treasurer. In how many ways is this possible if:

(a) there are no restrictions? D I MPo TANT —> m?"‘\umn.a

(2)
(7-1fr15 = 4]

(b)  the president is male?

1018 7

(¢)  the president and deputy are the same gender?

7605 5 [6- 91T - b34/350 = zl‘id’d S
oot — 4
V.2 fonas (Total 6 marks)

2

10. Let fand g be two functions. Given that (f° g) (x) = x;—l and g (x) =2x — 1, find f'(x — 3).
x 4| Y | 271
Spm—— - - el +
Foon: o S e geg ) 2 ()
X #l y =% — > M
13
’f)—" > x =2y~ | - 2l
ce 7 A Z/‘}7
: XHl =M X=3+2 *,3)9 v
nt) Flx-3="— [
Y- = (Total 6 marks)

11.  The function fis defined by 7: x > x°.
Find an expression for g (x) in terms of x in each of the following cases

3
@ (e)®=x+1; 94)= 35,,., — 75{5,,),- CJYN)I rx+
O DOl 962 ME | —= gy - I = %

(Total 6 marks)

1
12.  The graph of y = f(x) for —2 < x < 8 is shown. On the set of axes provided, sketch the graph of y = m,
X

clearly showing‘ any asymptotes and indicating the coordinates of any maximum or minimum values.
3 ¥V

\ 4 - 1. o
g'i \ {I I F LN /""’Jﬂ[ga\\

N

(Total 5 marks)
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13. The functions fand g are defined below. Find the values of x for which (f° g) (x) <(g° f) (x). SOLU‘I‘M-)

A
. A

X~ -1 CRITiCyt £TS

— am—

x+1 2F g)‘”’/ a @E"'m%)
- 2x -/

X+ o ¥

255y 2 (-1 X1 0)
Ix’<2y 2 22424 xp=

4
14. Letf(x)= ——,x#-2 andg(x)=x— 1.
x+2

Ifh=g-f find Y 3 "
@ hex g (AN g =) o 6e) 22

Y2 - )H) Q?)

(b) A ' (x), where 4! is the inverse of .

Y B O
7: N -

Y12 = x|

<

o Y > s — 2
x}\/f)— -"
“ y: ‘/"26‘*‘).
X415 yi - Xl

(Total 6 marks)

15.  Given functions f(x) = 2x + 1 and g (x) = x°, find the function (f o g)'l.

-t X's“l - 5...
7: Z}J' f ’6'): —:}—~ Q = 7 I
)‘:Z\j*l y 2 2‘__3‘_’_, o)}il
- -2
Qy.: *= | s 7;-/ [Q : ‘Zx-rJ
- = -
Y- 5 ’

(Total 4 marks)
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x? -1

16.  The function f'is defined fo y ()= — . Find an expression for /' (x).
x° +1 4 x|
‘ -' -
3 x=) xy’-ty-‘yz"l Y - -y
b4 »4r 2 B
yz,-/ Xy© =y "= -x ( 5 x| /
: — —
ey y tn-1) = - a1 7{ ) 1~y
2 ‘ "’" .
¥y2ri=y & Al €6 X g0, pard Yo fin f

(Total 6 marks)

17.  Shown below are the graphs of y = f{x) and y = g(x).
If (fo g)(x) = 3, find all possible values of x. y

: v=f(x)
'F.é [r)); 3 f M _—— >,
/ y=g(x)
.F/).) 2—3 ; © Are 3 4 \
= 0 ] 4 x
ghirze # -, 17 7/ , \}
(H:3 2 /,2 X;-I”'zlb// . \\\
ﬁ )J - / (Total 4 marks)
18.  Each of the diagrams below shows the graph of a function f. Sketch on the given axes the graph of
@ |0
' ﬁ.,) —> FUPSoun Y-AYV
(o) —> Basax-ms Furs op,
1
® s — f76)—> Fups vl x-Ay(S
1
’ ¢S
i - 6/ Mt
—F13) S5 g

Lo —> AHSy,

{

|

i

{
LS T
Pattat/

(Total 6 marks)
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19.  The functions f(x) and g (x) are given by f(x) = Yx—2 and g (x) =x* + x. The function
(fo g)(x) is defined forx € R , except for the interval ] a, b [.

(a)  Calculate the value of g and of 5.

(b)  Find the range of fo g.
{é/»)-‘\) »*y-r = J(x#Wyv ) -3

(o) Se& 604PM L.)/rgE Y =e

o
(x4 Z)f)( “1) =

X=-2,)

e
/,;,)‘/

4
—

K

(Total 6 marks)

20.  Solve the equation logs(x + 17) — 2 = logz 2x.

oy, (x412)3=21ey, 3 = loy 25

XAt = )y
x+/)
/‘7:/;3 )= ley; 2r ?x-—r}
X#17

7 =%r
(Total 5 marks)

&:’/Yy ~))=e

y=4 2

21.  Solve the equation 2% — 10 x 2* +4=0,x € R.
A .2 F
22 =102 Y =6
¢(5)* - 157)4 v =

Bur pq /NEESSNT7

C'/yl—/o\,-w.-o)'{

o%EL Ik

(Total 6 marks)
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22. Find the exact value of x satisfying the equation

=672 2 =B

. . Ina
Give your answer in the form —— where g, b € Z.
n

(3 )(y>") = 4
(L") (53

> L
ge 2 02278

P o [

23. Solve the equation 9 logs x = 25 log, 5, expressing your answers in the form 5 7 , where p, ge Z.

—

Crni€ oe PAY G j ICnwe

V
. lar
/o))‘)k{ /‘3)‘ ,,_ﬁi 5

—

/8
(Total 6 marks)

o5 3
2 >
9 loy ) "= 25 (leg 3) -
[y x= 3 ~ist 7
[ > \a 27 si; )EVP-GM
( /a’-Q -7 )‘:5
(Total 5 marks)

24. The solution of 223 = **1
a and of b.

+ 3 can be expressed in the form a + log, b where a, be Z. Find the value of

[‘/,'51/971“)%

)J,‘. )3: ) h') :* %

g.[27)= 0> 3
=07

2 -
Py -’.7\"’ =0




25.  Solve, for x, the equation log, (5x2—x—2)=2+210g2x.
(s uet)e Doy [ogy %™
2
L 1
fes, CLIE [, (tr)

S Ex-z=z Bt

&*b)/ﬁ/)%
X=2, N Cawor /g@):

[5=7)

(Total 5 marks)

X x—L <O

Write In (> — 1) -2 In(x+ 1) +In(x*+x) asa single logarithm, in its simplest form.

(X0 x-1) {x Xy i)

(x ¢ )y +1)

/-1 6‘ /7"7))

: }'s [)‘ * ")f’)7
(Total 5 marks)

27.  Solve the equations

ln£=1

lnx3+lny2=5.

T =
~ - Jmng = \ 2 5 T
CI X /Y ) / ;__L
3/—»;"‘)/*\,"- S e ]
- z by = =
?'ﬂ)“")*y-l oy =5 v
e 7y a/,,
By 72y~ Xz=¢ S
i
)by =77
7
J~>»= %

(Total 5 marks)
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28.  Solve2(5*)y=1+ % , giving the answer in the form a + logs b, where g, b € Z .,

Yo 8%
[oy =¥ -3 =<
3
/"5,—"; s [:"Y'?)[)yu)-'”

v —a
/D(s")—)—e'fo \,,-—S_'-z- y;-z’
A? Souq ™ /  (Total 6 marks)

2575 = [+=

29.  The graph below shows y = a cos (bx) + c.
v

T

7‘ // . %/// \\\ // = - _%_‘rr'

il
<3

Find the value of a, the value of b and the value of c.

2
7z 3 5= ';-'—C:)-

(Total 4 marks)

30.  The depth, % (#) meters, of water at the entrance to a harbor at # hours after midnight on a particular day is
given by:

!
h(f)=8+4sin (%),OStSM.

(a)  Find the maximum depth and the minimum depth of the water.

Vert. Smer= +& (ur) My = EsY = (A
ArvtTwe= Y AN 2 gz Y

(&)

(b)  Find the values of 7 for which 4 (¢) > 8.

8+ 9 sn(F4) >4

S~ Z."T*)?,

‘1 pe
/Of-t.éé. 224 <5, {"2‘/7 . 6 marks)
= TR

3




-~ —— E
31.  Solve sin 2x = v/2 cos (es ¥ =0 Sive 7L
v/ 37

25’,,‘.y o8 x Pﬂtﬁ)) o X< 2 X 7) -?

CQSY &‘41\7‘ fé)"'

Jz
C"S) =0 Suax T

otal 6 marks)
32. The angle 0 satisfies the equation 2 tan’ 6 — 5 sec 6 — 10 = 0, where 0 is in thg"Second quadrant. Find the

value of sec 6.
3 & j¢ -

Py, 106ty | Fdm T Sec Y Soc 9=- 2, 1
2 (secP—1)~ Ssec®— o v+ /69 /}
Asec¥ — Ssec 0— 2=
(Psecor 2 Y se 0 —4)s

3
33.  Given that tan 20 = rE find the possible values of tan 6.

(Total 6 marks)

Stnlr Ernb -3 =g
/2 st 1 )(Fmo+2)=e

e,

FFn@ = 2-0m %

2 6_1—33‘52'2»%267’

(Total 5 marks)

34.  The graph below represents y = a sin (x + b) + ¢, where a, b, and ¢ are constants.

-

Frasr Perk #7 Xx: £ [ ] el —> uNCUA-Cro

NoavidiLy o o

—

\ 2n
L ———
gj' y
L))
Find values for g, b and c. [Wl: Y- 35,5 [’ L
— o~
y 351"\ [T?T)- J

y 23~ (Total 6 marks)

Y22 0

N

g /~\ a-3 b7y C"’J
.
2 T T—>X

y: JS/‘*\ A"' /f)-/



35. Inthe diagram below, AD is perpendlcular to BC.
CD=4,BD=2and AD=3. CAD = qand BAD = ,B

\(; _5.. (6(;"0):(‘5§Cp}ﬂ*s‘qs.kﬂ
2 S/~ -ﬁ o ;
. _ /ys iy
A\fij [p Cgsg;ﬁ— = /(Iﬂ)*[r[ﬁs)
L ST N 3
e R T
5 3
Bsa- s =17 I7\,ﬁ3

c S
Finof cos (a— p). /

No DT s !

._/
P (Total 6 marks)

ot“@ \l-sinf&
36. Verify the identity Qgscy\ —— STOIT g MAE  CoMPLicena SO

Cse® -1 (xel- - 1)Cesco

T [+esct sl

(Total 6 marks)

Given AABC, with lengths shown in the diagram below, find the length of the line segment [CD].
(diagram not to scale)

37.

_LAW) op S

5}'1- VO S,}.y Zs‘lfb- J“’-I
B >5).7
s.,.,/7 5, Y0
i S 6Y. 1 S SL)

' T s

yir

Musr 8e 13-} S/~ 6%

1S08. po0
Zec F#ps-5

(Total 5 marks)
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38. A fair six-sided die, with sides numbered 1, 1, 2, 3, 4, 5 is thrown. Find the mean and variance of the
score.

_ /#1121 32 05 (6
/46’”"‘ — 4 = 6 1 2
bobi % et %
HRIgoE = /” 2’” [) { ;

( VIRIAILE = Mot cf SGmaes — SOMEEorMbans )

(Total 6 marks)

39. The test scores of a group of students are shown on the cumulative frequency graph below.

TP /Ic @

0 10 20 30 40 50 60 70 80 90 100

Test Scores

(a) Estimate the median test score. 6 L’
z ) @

(b) The top 10 % of students receive a grade A and the next best 20 % of students receive a grade B.
e ———

Estimate 12 s TP 6
(i)  the minimum score required to obtain a grade A; ?7

T/ 1s

(ii)  the minimum score required to obtain a grade B. @ oL 4
)

(Total 5 marks)
21




40. Inaclass of 20 students, 12 study Biology, 15 study History and 2 students study neither Biology nor

History.
P(pos)= Pla)rPle)— Ploans)

(a) Illustrate this information on a Venn diagram.

()
s Xz # 72Kw6 Gorv
o D6 124 )7—% 42
2 X =9
(b)  Find the probability that a randomly selected student from this class is studying both Biology and
History.
@

F(gnh)_‘)j; o 0.3

(c) Given that a randomly selected student studies Biology, find the probability that this student also

studieyHistory.
p(ns)
f P [ M / Ale oK M

Com0iTimat PPB

pP(ans) = e
P[ﬁ,&L—' P;‘ ) 2/y.

F3ox)
“ (Total 4 marks)

41. The box-and-whisker plots shown represent the heights of femate-stodertsamd-the-heightd of male
students at a certain school.

Females — —

Males H — /U Q) Mev Qi

| | | ] | | ! >
| | v

I I I T I
150 160 170 180 190 200 210 Height (cm)

(a)  What percentage of female students are shorter than any male students?

X4é

(b)  What percentage of male students are shorter than some female students?

77 @D —)

(c)  From the diagram, estimate the mean height of the male students.
/
0 -
Tot oy, (212 (191-173) (VT !
— 3 marks)
22

== w b }22
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42. Robert travels to work by train every weekday from Monday to Friday. The probability that he catches
the 08.00 train on Monday is 0.66. The probability that he catches the 08.00 train on any other weekday is 0.75.

A weekday is chosen at random.
(a) Find the probability that he catches the train on that day.

(b)  Given that he catches the 08.00 train on that day, find the probability that the chosen day is

Monday.
F = CATTHAT Ty
0.6 +
/ — = MISSK Tan>

o’ a3y — () P&): 0.2.06¢ » 0§+ 0.75

o5y & -‘ 0. 73)’
TUS -Fn| /

[Mn;) 0,.7+6.0b

p——

(A)P&‘/")- Py 6. 72

(Total 6 marks)

43. The local Football Association consists @eams. Team 4 has a 40% chance of winning any game
against a higher-ranked team, and a 75% chance of winning any game against a lower-ranked team. If4

is currently in fourth position, find the probability that 4 wins its next game.

6.%

0. 25 s=e

2 / 2 3 5 € 7 & 2 /lo
P2 é____[ﬂ "
pome” FP— € 72 (
3 ﬂ*‘""%&u
3 W Ll 2 2 2
3 Lower >~ Flr: 554 5+~
7 Ui 2 /
’&\L p[u); -(—“—I =
/97 -

(Total 4 marks)
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Lo . n(n+1
Use mathematical induction to prove that 1+2+3+...4+n= il forne Z".

44,
@ Prove £ (1) TAE (P peovi [ lert) pruc
Cllrdﬂtl’)
f L0 /(/u) f424. # w1 lhe)s TS
_ / 72001 (¥
/=0 MO k(‘*')
JF2+ .+ k- T

o=
—

—
—

'e_/i"_’. +bir(
2

@ A SSuwME Ple) e

[+ 21 ...+ &£~

h[kr) [#24 ... 7 ket ksl
pelrie 12l o
ol T

>
le 22k v
—____’

45.  Use mathematical induction to prove l+l+l+...+—1—=l-(l) = >
2 4 8 2" 2
' — ‘kt‘z‘k‘f&) ‘/

4oy-(1) =

@ > - 1, J 1 /2

4,4 - ¥ v N /-
2 le

4 _ L /{ / }
= / ) -2{*'44“‘ 4}1‘.42‘,, :/—(z-)

PDirse 2
s o s /M -

-, A1

e
46.  Use mathematical induction to prove that 4" — 1 is divisible by 5, forn € Z~. & Jfom / y4 ) &+ —
“uf 2

O \V=/=5" AgeeZ
9; € QZk—/:fﬁ)*Vz-

s Sn B=3~

(> q*-1-58 et
(./"e*z' -/-~)5 - 508

ORI
ksl
-) = 5
L/&".VZ’/: )C y2k /- M'}"
r = 5'//684 3)
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47. The complex number z satisfies i(z + 2) = 1 — 2z, where i=+/—1 . Write z in the form z = a + bi, where a

and b are real numbers. .
7 / k (/’21.)() —() [\
s o e [= = N S -
(% % 2 (P+: )P i ) z
4027 /-2
); /=& - 2-c=t+ )4'2
g2 (o#7)= |-2¢ Ty
[-2¢ .
25 9, Eal (Total 3 marks)

48. Given that (a + bi)* = 3 + 4i obtain a pair of simultaneous equations involving a and 5. Hence find the

two square roots of 3 + 4i. / 3k 3
i (2) =
a’~ (3) 7%

o4 Zabi + 3% 3400
> —i :3) e
a bt lade s SHU Cd -~ 4t

a - 29 2-1=0

(42_,(.{ 5:"-'[):0

—

g b2

abzH
2
b 5

49. Consider the polynomial p(x) = x*+ a® + bx? + ox + d, Where a, b, ¢, d € R.
Given that 1 +iand 1 — 2i are zeros of p(x), find the values of a, b, ¢ and d.

(Total 7 marks)

(omoucnss @aT T (x2an s 1000x = 2p0im)
pars: 120, 122 (X % 12)(x > 25#3)
xz 14 x=l-i X= 1 X2l X¥=Dx % Sa?

-2 Xx! J"[y""’/"y
[x_l_‘-)6‘,,;;)(,,,-2;)[1%/1lc) 25 =My +(e
( (y")"'l‘ ‘)C[x )% - ‘/J’) h’%):‘)r v“/y’l/l,‘-l‘u #(0 ) (Total7 marks)

50. The polynomial {x) = x* + 9x + 33 has roots of a and ¥ fig the actual roots, tind the exact
value of the expression % +L2 using Viete’s Theorerr’x. Leavizour answer ai '::diced fraction. (_ ¢ ):\ )/] :
- R =
VIETE'S Tam T e Sl
—_— — @
—
.y 2 2_ . =
Saw:afb—"'f'—‘ Tt :f_*?fd‘ff 4 /- /a8
c. 3 o5 )5
Pewwr -1-6 =~ 7 7 =73 - (azs) =204 (B3
é‘) ’ (Total 7 marks)
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51.  The cubic equation f{x) = 3x° + x* — 6x + 20 has roots of x, y and z. Without finding the actual roots, find

the exact value of the expression —+—+— using Viete’s Theorem. Leave your answer as a reduced

X y z
fraction. > Txy
y2 ¥
L__J ’,L‘"’f,,"‘ 'é‘: e
XAy42< " ~ 73 1
c -
Xy+y2432 > 55 = =
3
4 ,
.- —_ _ ¥ Ea
x\li a4 - 3 - —)"20
=] 70

(Total 6 marks)

52. (a) Show that the complex number i is a root of the equation
x5 + T - 5x+6=0.
(2)

3 I -5 7 -s ¢
}_ﬁl: -~ f(. s-«g -4

-S¥ 66 & ) -~

(b)  Find/the other roots of this equation.

. -$hi S¢ & R T
-L}L’ _‘.‘ &S‘o' "‘.‘ ﬂm "(-.2)3

X - sy € = L 2Xx-2)

z

O]

(Total 6 marks)

53. Given that

=2-1i,z € C, find z in the form a + ib.

z+2 - ‘1_ ‘!‘: * )‘. -+ 2{- 2

2:().[){?41—) )-itY

2-Jz+4Y-i2 -~ >
—Jati2z T V-2 2:,gj
2 (~1+4i )> V-2

y-20 (1)
2= =/r0 ("‘1-[}

(Total 4 marks)
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2 er’andfl=o

54. Whenflx)= x*+38 + px2 2x + g is divided by (x — 2) the remainder is 15, and (x + 3) is a factor of Ax).
Find the values of p and g. wmee——

= * ) -3 0 —7PZ:6 -
l 2 /e ) -3 Pi1¢
/ prio i,f“ e T
| . #*ND I / )% ] S‘,.o
L4+ =17 T4 Pt = f‘.

“pr g = -2 Ptq =-A
55. (a) Evaluate (1 + i)2, wherei= v-1.

I +247%= 142 -1 %5 2¢

Show that (1 + 1)4" =(-4)", where n € N,

1) oo T =

(c)  Hence or otherwise, find (1 + ;)32.

2

(+D"= (i)' ) ?.—{ 65, SH }
' . (Total 8 marks)

56. Use the regular hexagon to the right to answer parts (a) and (b). A B

= 1F

. 1] —
a.) List all equivalent vectors to ) CF .
— —) >

f‘z, zc.%)m ) F C

b.) Write an equivalent vector to 2FE + B—B' —ZB+7ZA. =/
e

+ A2

Juu veren. BN\ D (Total 5 marks)

57.  The three vectors a, b and ¢ are given by

2 4 4
a=( yJ,b=( x],c=[ therex,ye R.
=3x y -7

(@) Ifa+2b-c=0,find the value of x and of y. Sy 42 :'I
9} [ 27"'&)"(‘:’0 S)-}?\,’\f 7

( ) )"" - 2x ,,z\l.,, 72- 6 3425 '7 x -2y =7
Find the exact value of |a+2b|. Nx =N

()

/—3)6 /) é,) pt2b= / :j;’z

(Total 5 marks)

/q‘/Z.‘:/: m{:‘ 64 )




